Let f be a meromorphic correspondence on a compact Kähler manifold. We show that the topological entropy of f is bounded from above by the logarithm of its maximal dynamical degree. An analogous estimate for the entropy on subvarieties is given. We also discuss a notion of Julia and Fatou sets.
Introduction
Let (X, ω) be a compact Kähler manifold of dimension k. A meromorphic correspondence f : X → X is a meromorphic multivalued self-map on X. The precise definition will be given in Section 3. One can compose correspondences and consider the dynamical system associated to f , i.e. study the sequence of iterates f n := f • · · · • f , n times, of f . Any projective manifold admits dynamically interesting correspondences. The topological entropy h(f ) of f is defined as in [1, 13, 12] , see Section 4. It measures the divergence of the orbits of f and the complexity of the associated dynamical system.
In this paper, we show that h(f ) is bounded from above by the logarithm of the maximal dynamical degree of f which is easier to compute or estimate. The dynamical degree d p (f ) of order p measures the growth of the norms of f n acting on the cohomology group H p,p (X, C) when n tends to infinity, see Section 3. Let Γ [n] denote the graph of (f, f 2 , . . . , f n ) in X n+1 . We will use the following intermediate indicator, introduced by Gromov [13] , which measures the growth of the volume of Γ [n] : lov(f ) := lim n→∞ log volume(Γ [n] ) 1/n .
We will see that the last limit always exists. Our main result is the following theorem which is new even for holomorphic correspondences. It answers a problem raised by Gromov [13, 12] . Theorem 1.1. Let f be a meromorphic correspondence on a compact Kähler manifold (X, ω) of dimension k. Let d p (f ) denote the dynamical degree of order p of f . Then h(f ) ≤ lov(f ) = max 0≤p≤k log d p (f ).
The case of holomorphic maps was proved by Gromov [13] , see also [12] , and the case of meromorphic maps was proved by the authors in [7, 8] . For other contexts, see [6, 10, 3, 5] and the references therein. The proofs in the previous cases cannot be extended to correspondences. We need here new geometric ingredients. In the last two sections we extend the previous result to the entropy of f on a subvariety of X and we discuss a notion of Julia and Fatou sets for correspondences. Our goal is also to develop a calculus for meromorphic correspondences.
Note that if f is a holomorphic self-map on X, by Yomdin's theorem [20] , we [15, 17, 16, 11, 18] . However, this is false for holomorphic correspondences, even in dimension 1. Let (z, w) denote the canonical affine coordinates of C × C in P 1 × P 1 . Consider the correspondence f on P 1 with irreducible graph Γ ⊂ P 1 × P 1 of equation
The reader can check easily that d 0 (f ) = d 1 (f ) = 2 and h(f ) = 0.
Regularization of currents
Recall that the mass of a positive (p, p)-current T on a compact Kähler manifold (X, ω) of dimension k is given by T := T, ω k−p . It depends continuously on T . When T is positive closed, T depends only on the class of T in H p,p (X, C). In order to simplify the notation, if Y is an analytic set of pure dimension in X, we often denote by Y , instead of [Y ], the current of integration on Y and by Y its mass. The main tool used in the proof of Theorem 1.1 is the following result.
Theorem 2.1 ( [7, 8] ). Let (X, ω) be a compact Kähler manifold of dimension k. Let T be a positive closed (p, p)-current on X. Then there are positive closed (p, p)-currents T ± and a constant c > 0 independent of T such that
ii) T ± are limits of smooth positive closed (p, p)-forms on X.
We deduce the following consequence.
Corollary 2.2. Let π : (X 1 , ω 1 ) → (X 2 , ω 2 ) be a holomorphic map between two compact Kähler manifolds. Let Y ⊂ X 1 be an analytic subset of pure dimension and let Y ′ be a Zariski open subset of Y such that the restriction τ of π to Y ′ is locally a submersion on X 2 . If T is a positive closed current on X 2 , then τ * (T ) extends to a positive closed current on X 1 such that
where the constant c > 0 depends only on (X 1 , ω 1 ), (X 2 , ω 2 ) and π.
Proof. Observe that τ * (T ) defines a positive closed current on the Zariski open
has finite mass, a theorem of Skoda [19] implies that its trivial extension defines a positive closed current on X. Then, we only need to estimate the mass of τ * (T ). The constants that we use here are independent of Y , Y ′ and T . By Theorem 2.1, there are smooth positive closed forms T n converging to a current T ′ ≥ T and such that T n ≤ c ′ T . It follows that there is a constant c ′′ > 0 such that c ′′ T ω p 2 − T n is cohomologous to a smooth positive closed form for every n. Here, (p, p) is the bidegree of T and we use the fact that H p,p (X 2 , C) has finite dimension. So the class of T n is bounded by the class of c
In the last inequalities, we use the fact that the mass of a positive closed current depends only on its cohomology class.
Remark 2.3.
If T is the current of integration on a subvariety Y 2 ⊂ X 2 then we obtain from the previous corollary that
This is a Bézout type theorem in which we do not assume that the intersection
is of pure dimension.
Correspondences and dynamical degrees
Let π 1 and π 2 denote the canonical projections of X 2 onto its factors. A meromorphic correspondence f on X is given by a finite holomorphic chain Γ = Γ i such that i) for each i, Γ i is an irreducible analytic subset of dimension k of X 2 ;
ii) π 1 and π 2 restricted to each Γ i are surjective.
We call Γ the graph of f . We do not assume that the Γ i 's are smooth or distinct. Of course, we can write Γ = n j Γ 
Hence, Γ is the closure of its restriction to π
. We will use this property several times.
. So, generically the fibers f (x) and f −1 (x) are finite subsets of X. The sets
2 (x) ∩ Γ > 0 are the first and second indeterminacy sets of f ; they are of codimension ≥ 2. One can compare the restriction of π 1 to Γ with a blow up of X along I 1 (f ) and π −1
If generic fibers of π 1|Γ contain only one point, we obtain a dominant meromorphic self-map on X.
We can compose correspondences. Let f and f ′ be two correspondences on
The composition Γ i • Γ ′ j is the holomorphic k-chain with support in Σ where the multiplicity of a generic point (x, z) is defined as the number of y's satisfying the previous conditions; quite generically the multiplicity is one.
Observe that Σ and Γ • Γ ′ do not depend on the choice of Ω and Ω ′ . Note that compositions of irreducible correspondences can be reducible. This is the reason why we have to deal with multiplicities. For example, if the graph Γ of an irreducible correspondence f is symmetric with respect to the diagonal of X 2 and if the degree of π i|Γ is larger than 1 then f 2 is reducible since its graph contains the diagonal ∆ of X 2 as one component. Note also that the graph of f • f −1
contains ∆ but in general we do not have f • f −1 = id. Correspondences act on smooth forms. If α is a smooth (p, p)-form on X,
Recall that we identify Γ with the current it represents. Observe that if α is positive then f * (α) and f * (α) are positive closed (p, p)-currents which are smooth on a dense Zariski open set and have no mass on analytic subsets of X. They are represented by forms with coefficients in L 1 . For example, f * (α) is smooth in X \ P 1 (f ) and has no mass on P 1 (f ). Moreover, if the positive closed (p, p)-forms α and α ′ are cohomologous then f
This integral can be computed cohomologically. It measures the norm of the linear operator f * acting on the cohomology group H p,p (X, C). The following proposition shows that the sequence cλ p (f n ) is sub-multiplicative, see also [9] . Hence, λ p (f n ) 1/n converge to a constant d p (f ). We call d p (f ) the dynamical degree of order p of f . It is easy to check that d 0 (f ) and d k (f ) are the topological degrees (i.e. the number of points in a generic fiber counted with multiplicities) of π 1|Γ and π 2|Γ and that
Proposition 3.1. Let f and f ′ be two correspondences on (X, ω). Then, there exists a constant c > 0 independent of f and f ′ such that
We will need the following lemma.
Proof. Let U be a small neighbourhood of a point in Ω ′ .
Since
−1 restricted to each U r is given by a family of biholomorphic maps u rs : U r → U rs ⊂ X. Hence f • f ′ restricted to U is given by the family of biholomorphic maps u rs • u r : U → U rs . We have
This implies the lemma.
Proof of Proposition 3.1.
) are well defined and smooth outside an analytic set. We obtain from Lemma 3.2 that these forms are equal on some Zariski open set Ω ′ . By Theorem 2.1, there exist positive closed smooth (p, p)-
Hence, there is another constant c > 0 such that cλ p (f )ω p − T n is cohomologous to a smooth positive closed form for every n. We have
Hence, since (f • f ′ ) * (ω p ) has no mass on analytic sets,
Remark 3.3. Let A p,q (f ) denote the norm of f * on H p,q (X, C). One can prove as in [4] that
where c > 0 is a constant independent of f . This inequality and the Lefschetz fixed points formula allow to get an asymptotic estimate of the number of periodic points of order n of f when they are isolated. For example, if d k (f ) is strictly larger than the other dynamical degrees, this number is equal to d k (f ) n 1+o(1) .
Entropy
We now define the topological entropy of f . We call n-orbit of f any sequence
where x 0 , . . ., x n are points of X with x i ∈ I 1 (f ), and i 1 , . . ., i n are indices such that (x r−1 , x r ) ∈ Γ ir for every r. Let F be a finite family of n-orbits of f . We say that F is ǫ-separated if for all distinct elements
of F , we have either i r = i ′ r or distance(x r , x ′ r ) > ǫ for some r. As we already explained, the indices i r allow to count the multiplicities. When Γ is irreducible, we always have i r = i ′ r , then the indices i r in the definition of n-orbit can be dropped. But since we are going to consider the graph of f n , we cannot deal only with the irreducible case. We say that the n-orbit O = (x 0 , i 1 , x 1 , i 2 , x 2 , . . . , x n−1 , i n , x n ) is regular if for every 1 ≤ s ≤ n, Γ is is, in a neighbourhood of (x s−1 , x s ), a graph over each factor of X 2 . Since any n-orbit can be approximated by regular n-orbits, in Definition 4.1, one can consider only regular orbits. This is why we will consider only the extension by zero of all the currents defined on a Zariski open set.
As observed in [13, 12] , f is conjugated to a shift σ on the space X ∞ , the closure of the set of the infinite orbits (x 0 , i 1 , x 1 , i 2 , . . . , i n , x n , . . .) ∈ X N . It follows that h(f ) = h(σ), and since σ is continuous, one gets that h(f n ) = nh(f ) and
We define the graph Γ M of (f m 1 , . . . , f ms ) in X s+1 as the closure of the set of points (x 0 , x m 1 , . . . , x ms ) ∈ X s+1 associated to a regular m s -orbit
This is a holomorphic k-chain in X s+1 where the multiplicity of a generic point (x 0 , x m 1 , . . . , x ms ) in Γ M is the number of the associated regular m s -orbits O. If M = {n} we obtain the graph Γ n of f n in X 2 . If M = {1, . . . , n}, we obtain the graph
We divide the proof of Theorem 1.1 in two parts.
Proof of the inequality. We follow an idea due to Gromov [12] , see also [13] . Let F be an ǫ-separated family of regular n-orbits of f . We have to compare #F with Γ [n] . We associate to each element
which is the set of the points
r , x r ) < ǫ/2 for every r.
Here, the distance between two points in X n+1 is the maximum of the distances between their projections on factors of X n+1 . Since F is ǫ-separated, the balls On the other hand, B O contains an analytic subset of dimension k of the ball of diameter ǫ and of center (x 0 , . . . , x n ) in X n+1 . A theorem of Lelong [14] implies that B O ≥ cǫ 2k where c > 0 is a constant independent of ǫ and of n. Let Π i : X n+1 → X denote the canonical projections on the factor of index i, 0 ≤ i ≤ n. Define ω i := Π * i (ω). We use for X n+1 the canonical Kähler form ω 0 + · · · + ω n . Then, the number of B O , which is equal to #F , satisfies
The inequality h(f ) ≤ lov(f ) in Theorem 1.1 follows from Definition 4.1.
Proof of the equality. Recall that π 1 , π 2 : X 2 → X denote the canonical projections. We have
On the other hand, the projection of Γ [n] on the product X 2 of the first and the last factors of X n+1 , is equal to Γ n . It follows that
For the other inequality, it is enough to show that Γ [n] n k (δ + ǫ) n , where δ := max p d p (f ) and ǫ is a fixed constant. We have
We only need to prove that
The following proposition will be useful for that purpose.
Proposition 4.2.
There is a constant c s > 0 independent of the multi-index
Proof. The proof uses an induction on s. For s = 1 we have Γ M = Γ m 1 , and the desired estimate follows from the relation (4.1). Assume the proposition for |M| = s − 1. We will prove it for |M| = s. Let τ 1 : X s+1 → X 2 be the canonical projection on the two first factors and let τ 2 : X s+1 → X s be the projection on the s last factors. Define
Zariski open set, then we will apply Corollary 2.2.
Let Ω ⊂ X be the Zariski open set of all the points x 0 ∈ X which admit d 0 (f ) ms distinct regular m s -orbits, i.e. the maximal number of regular m s -orbits. Let Ω s+1 denote the Zariski open subsets of points in X s+1 whose projections on the first factor X belong to Ω. Observe that Γ M ∩ Ω s+1 is Zariski dense in Γ M . Hence, we only need to estimate Γ M ∩ Ω s+1 .
Consider a regular m s -orbit O := (x 0 , i 1 , . . . , i ms , x ms ), x 0 ∈ Ω, associated to a point z in Γ M ∩ Ω s+1 . The point τ 1 (z) is associated to the regular m 1 -orbit
Let Ω 2 denote the Zariski open subset of points in X 2 whose projections on the first factor X belong to Ω. The choice of Ω implies that in Ω 2 , Γ m 1 is locally a graph over the second factor X of X 2 . It follows that τ 2 restricted to τ
∩ Ω s+1 is locally biholomorphic. Then, we can apply Corollary 2.2 and Remark 2.3 to π = τ 2 , and to components of τ −1 1 (Γ m 1 ) and of Γ M ′ . We obtain
where c, c ′ depend only on (X, ω) and on s. The case |M| = 1 and the case |M| = s − 1 imply the result.
End of the proof of Theorem 1.1. We will prove that
be the canonical projection on the product of factors with indices 0, n 1 , . . ., n k . We show that Π defines a map of topological degree d 0 (f ) n−n k between Γ [n] and Γ M , where M := {n 1 , . . . , n k }.
Observe that if we fix a generic orbit
The desired estimate follows.
Entropy on a subvariety
Let Y ⊂ X be an analytic subset of pure dimension m or more generally a holomorphic m-chain. Assume that for a generic point x 0 ∈ Y the sets f n (x 0 ) do not intersect I 1 (f ) for any n ≥ 0. Such a point admits n-orbits. We have the following result which generalizes Theorem 1.1.
Theorem 5.1. Let Y be as above. Assume that all the orbits starting from a generic point x 0 ∈ Y are regular 2 . Then
Such an estimate should be useful in the study of dimensional entropies and Lyapounov exponents. We refer to Newhouse [16] and Buzzi [2] for this purpose. The proof uses the same idea as in Theorem 1. 
Proof. By Skoda's theorem [19] , the trivial extension of u * (T ) is positive and closed in X s+1 provided that u * (T ) has finite mass. So, it is enough to estimate u * (T ) . By Theorem 2.1, the case where T is smooth implies the general case. Hence, we can assume T smooth. The proof uses an induction on s.
For s = 1 we have Γ M = Γ m 1 . We need to show that u
Choose a constant c > 0, independent of T , such that c T ω k−m+r − T ∧ ω r is cohomologous to a smooth positive closed form. Hence
the local growth of volume of graph, has strong links with the Julia and Fatou sets :
(we can also consider Γ [n] instead of Γ n ). Since π 1 restricted to Γ n has topological
It is easy to check that the function Φ is upper semi-continuous. We can study the sets {Φ < δ} and {Φ ≥ δ} as analogues of Fatou and Julia sets. It is likely that ergodic invariant measures of maximal entropy, if they exist, are supported on the set where Φ take the maximal value. Consider some examples. on B x (r). One estimates these integrals using the speed of convergence of d −n f n * (ω FS ) toward T , see [18, 3, 5] , and one deduces that Φ(x) = log d p if x ∈ supp(T p ) \ supp(T p+1 ). The support supp(T p ) of T p and its complement are the Julia and the Fatou sets of order p associated to f . For p = 1, one obtain the classical Fatou and Julia sets, see [11] . The function Φ takes only k + 1 values and the set {Φ ≥ log d p } supports the invariant positive closed current T p .
The following trivial example shows that, in general, Fatou and Julia sets cannot be characterized only by the values of Φ.
Example 6.2. Consider f : P 1 → P 1 given by z → 2z where z is an affine coordinate. Then Φ(x) = 0 everywhere but the family (f n ) n≥0 is locally equicontinuous except at 0. The limit of Γ n contains a singular fiber π One sees in the example below that the meromorphic case is quite more delicate. It is left to the reader to check that if f is a holomorphic endomorphism of P k then {Ψ < ∞} and {Ψ = ∞} are the Fatou and Julia sets of f .
